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┇〝ΘΗ┇〝┎┄┅〝 ┅〝┎━┏Θ┏┈┍Η┍             Γ΄ ┆┏┅━┄┊┏ 

┋┌┊┎━┄┈┊┇━┈━┍ 〝┋〝┈┎Η┍━┄┍ 

 

Θ━┇〝 〝 

 

〝1.  Θ━Ω┌┄〝 ┍━┆ 253 ┍Χ┊┆┄┅┊ 〞┄〞┆┄┊ 

〝2.  Θ━Ω┌┄〝 ┍━┆ 191 ┍Χ┊┆┄┅┊ 〞┄〞┆┄┊ 

〝3.  Θ━Ω┌┄〝 ┍━┆ 258 ┍Χ┊┆┄┅┊ 〞┄〞┆┄┊ 

〝4.  (α) ┍     (┚) ┍     (┛) ┆     (h) ┆     (i) ┆ 

 

Θ━┇〝 〞 

 

〞1. 

2 2
1 1 4z z        

( 1)( 1) ( 1)( 1) 4z z z z          

1 1 4zz z z zz z z            

2 2 4zz        2 2zz      1zz  

2
1z        1z     1z   

 

Ά┦α ┥ ┛i┫┢ik┦┟┠┮┧ k┮π┥┧ k┫┣ i┟┠┮┣┫┣ k┫┣ ┢┟┛αh┟┠┰┣ z jk┥ iπ┘πih┥ i┘┣α┟ ┠┯┠┡┥┧ ┢i ┠┖┣k┦┥ k┥ 
┊(0,0) ┠α┟ α┠k┘┣α ┦=1. 
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〞2. 

221  zz  ,  11 z    ┠α┟   12 z  

22))((2 221221112121

2

21  zzzzzzzzzzzzzz   

021)(12 12211221

2

21221

2

1  zzzzzzzzzzzzzz      

 

)( 21

2

21 zzzz  ( )21 zz  = 22122111 zzzzzzzz   = 
2

21221

2

1 zzzzzz  = 

=1+ 1221 zzzz  +1   =    1 + 0 + 1 = 2  

Ά┦α  2
2

21  zz  

       221  zz  

 

〞3. 

125  ww   

1445
2  ww   

(w-5w )(w -5w)=144   

ww  - 5w2 - 5w 2 + 25w  w = 144   

26ww  - 5(w2+w 2) = 144   

26(x2+y2) - 5(2x2-2y2) = 144   

26(x2+y2) - 10(x2-y2) = 144   

13(x2+y2) - 5(x2-y2) = 72   

13x2 + 13y2 - 5 x2 + 5y2 = 72   

απ┮  
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72
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Ά┦α ┥ ┛i┫┢ik┦┟┠┮┧ k┮π┥┧ k┫┣ i┟┠┮┣┫┣ k┫┣ ┢┟┛αh┟┠┰┣ α┦┟┞┢┰┣  w  i┘┣α┟ ┝ ┖┡┡i┟┪┝ k┝┧ ┢┥┦φ┗┧  

1
2

2

2

2  
y

a

x
  ┢i   α=3 ,  ┚=2 

                                 y 

 

  

 〝΄(-3,0)                       ┊(0,0)           〝(3,0)              

 

 

 

┇┖┛┟jk┝ απ┮jkαj┝ απ┮  ┊(0,0)  ┝  (┊〝) = 3 

━┡┕┩┟jk┝ απ┮jkαj┝ απ┮  ┊(0,0)  ┝  (┊〞) = 2 

 

〞4. 

┄j┩┯i┟ ┝ j┩┖j┝: 

( )z w z w z w              

z w z w z w         

1 1w z w w           

━┘┣α┟ 3w      1 4w   

    Ά┦α  4z w   (┢ikα┚αk┟┠┗ ┟h┟┮k┝kα) 

━π┘j┝┧  w z    w z       1 1w    

x΄                                                                                 x 

y΄ 

  

 

 

 

〞(0,2
) 

〞(0,-2) 

━πi┟h┗ α>┚ ┕┦α ┢i┛┕┡┥┧ 
┕┤┥┣α┧ k┝┧ ┖┡┡i┟┪┝┧ ┥ x΄x 
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┊π┮ki 1 1w    

   w1  = 1 1w    

 Ά┦α 1 wz  

━π┥┢┖┣┫┧ ┖┩┥υ┢i ki┡┟┠┕  

           1 4z w    

 

Θ━┇〝 Γ 

Γ1.  

Η f(x) = (x-1)ℓnx-1 , x>0  i┘┣α┟ πα┦α┛┫┛┘j┟┢┝ jk┥ 〝 = (0, + ) ┢i  

fΣ(x) = ℓnx +
1x

x


 =  ℓnx + 1 -

1

x
 

┋α┦αk┝┦┥┯┢i ┮k┟ fΣ(1) = ℓn1 +1-1=0. 

Η fΣ i┘┣α┟ πα┦α┛┫┛┘j┟┢┝ jk┥ (0, + ) ┢i 

fΣΣ(x) = 
2 2

1 1 1 1
0

x x x x
    >0  ┛┟α ┠┕┞i x>0. 

Ά┦α ┝ fΣ i┘┣α┟ ┛┣┝j┘┫┧ α┯┤┥υjα jk┥ (0, + ). 

━┘┣α┟ : 0 < x < 1  'f    fΣ(x)< fΣ(1)    fΣ(x)<0 

Ά┦α ┝ f   jk┥ (0 , 1] 

   ┅α┟ x>1 f  'f   fΣ(x) > fΣ(1)    fΣ(x)>0. 

Ά┦α ┝ f   jk┥ [1, + )  ( f : jυ┣i┩┗┧ jk┥ (0, + )) 

Έjk┫ ─1=(0 , 1]  ┠α┟ ─2= [1 , + ) 

┢i f(1)= (1-1)ℓn1-1= -1. 

Η f  jυ┣i┩┗┧ jk┥ ─1 ┠α┟ ┛┣┝j┘┫┧ φ┞┘┣┥υjα, ┕┦α  

f( ─1)=[f(1), lim f(x))= [-1, + )  h┟┮k┟  
x0

+ 
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 lim f’(x) = lim[(x-1)ℓnx-1]= +  αφού 
 

 lim (x-1) = -1<0 ゛αι 
 

 lim ℓnx = -  

Η f σ仝｀0χής σ〃ο Δ2 ゛αι á｀ησίως αύ¨ο仝σα , άρα fふΔ2)= (lim f(x), lim f(x)) = [-1,+ ) 

 

~ιό〃ι 

 lim f(x) = lim [ (x-ヱぶℓﾐx-1] = +  αφού 

 

 lim (x-1) = lim x = +  ゛αι 
 

 liﾏ ℓﾐx = +  

 

Άρα 〃ο σύ｀ο゜ο 〃ι´ώ｀ 〃ης f 0ί｀αι 〃ο  

f(A) = fふΔ1) fふ Δ2) = [-1 , + ) 

 

Γ2. 

Η i┤┘j┫j┝ 1 2013xx e   (1) , x>0 i┘┣α┟ ┟j┥h┯┣α┢┝ ┢i k┝┣ ℓnxx-1=ℓne2013   

(x-1)ℓnx = 2013    (x-1)ℓnx-1 = 2012  f(x) = 2012 (2) 

┎┥ 2012  f(─1) = [-1, + ) ┕┦α ┝ (2) ┖┩i┟ ┢┟α ┦┘├α x1 ┢┥┣αh┟┠┗ jk┥   

─1 = (0, 1] αφ┥┯ f ┛┣┝j┘┫┧ φ┞┘┣┥υjα ji αυk┮ . ━πi┟h┗ x1(0, 1] ┖┩┥υ┢i x1>0. 

━π┘j┝┧ k┥ 2012f(─2)= (-1, + ) ┕┦α ┝ (2) ┖┩i┟ ┢┟α ┦┘├α x2 ┢┥┣αh┟┠┗ jk┥  

─2 =(1 , + ) , αφ┥┯ f ┛┣┝j┘┫┧ α┯┤┥υjα ji αυk┮. ━πi┟h┗ x2(1 , + ) ┖┩┥υ┢i  

x2>0. 

Ά┦α ┝ (2) ┠α┟ ┟j┥h┯┣α┢α ┝ (1) ┖┩i┟ h┯┥ ┞ik┟┠┖┧ ┦┘├i┧. 

x→ヰ+ x→ヰ+ 

x→ヰ+ 

x→+  

x→ヱ+ 

 

x→+  

 

x→+  

x→   

x→+  

 

x→+  

 

x→+  


x→+  
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Γ3. 

〝π┮ k┥ Γ2 i┦┰k┝┢α ┖┩┥υ┢i ┮k┟ 

f(x1) = 2012 ┠α┟ f(x2) = 2012. 

Η i┤┘j┫j┝ fΣ(x) + f(x) = 2012 i┘┣α┟ ┟j┥h┯┣α┢┝ ┢i k┝┣ fΣ(x) ex+f(x) ex = 2012 ex    

 ( f(x) ex)Σ Ν (2012 ex)Σ = 0    [(f(x) -2012) ex]Σ = 0 

Θi┫┦┥┯┢i jυ┣┕┦k┝j┝ φ(x) = ex (f(x) -2012). 

Η φ i┘┣α┟ jυ┣i┩┗┧ jk┥ [x1 , x2]   (0, + ) 

Η φ i┘┣α┟ πα┦α┛┫┛┘j┟┢┝ jk┥ (x1 , x2)   (0, + ). 

φ(x1) = 1 1
1( ( ) 2012) 0 0x xe f x e    1 1

1( ( ) 2012) 0 0x xe f x e     

φ(x2) = 2 2
2( ( ) 2012) 0 0x xe f x e     

Ά┦α φ(x1) = φ(x2) 

〝π┮ k┥ Θ. Rolle υπ┕┦┩i┟ ┖┣α k┥υ┡┕┩┟jk┥┣ x0(x1,x2), k┖k┥┟┥ ┰jki φΣ(x0)=0 ……   

 fΣ(x0) +f(x0) =2012 

 

Γ4. 

Έ┩┥υ┢i g(x) =f(x) +1 = (x-1) ℓnx-1+1    g(x)= (x-1) ℓnx 

g(x)=0    x=1 

    x            0                1                  +  

    x-1                 -                   + 

   ℓnx                 -                    + 

   g(x)                +                   + 

     Ά┦α ┖┩┥υ┢i g(x)0 ┛┟α x[1, e] , ┥π┮ki 

o 

o 

o 
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━(Ω)=
2 2

11 1
( 1) ln ( ) ' ln [( ) ln ]

2 2

e e ex x
x xdx x xdx x x      2

1

1
( )

2

e x
x dx

x
   = 

2 2

2

e e
-

1

1
( 1)
2

e
x dx  2 2

2

e e
-[

2

1]4
ex

x =
2 2

2

e e
-(

2

4

e
e )+ (

1
1

4
 )= 

2 3
. .

4

e  
 

Θ━┇〝 ─ 

─1. 

Θ━Ω┌Ω ┍┏┈〝┌┎Η┍Η : g(x) = e   1

1

2
2

)(
xx

xxdttf   ,  xє *
+ 

Γ┟α ┠┕┞i xє *
+  ┟j┩┯i┟ :  

  1

1

22

)(
xx

e

xx
dttf e   1

1

2
2

0)(
xx

xxdttf  g(x)   0   g(x)   g(1) 

┄j┩┯┥υ┣:  

 Η jυ┣┕┦k┝j┝ g πα┦┥υj┟┕├i┟ k┥π┟┠┮ ┢┖┛┟jk┥ ┛┟α x=1 

 To 1 ij┫ki┦┟┠┮ j┝┢i┘┥ jk┥ *
+ 

 g  πα┦α┛┫┛┘j┟┢┝ jk┥ *
+  ┕┦α ┠α┟ jk┥ x0=1 є *

+ 

   ┠α┟  g΄(x) = e · f(x2 Νx+1) (x2 Νx+1)΄  g΄(x) = e · f(x2 Νx+1) + 2x - 1 

Ά┦α ┠α┟   g΄(1) = e · f(1) +1 

〝π┮ ┞i┰┦┝┢α Fermat π┦┥┠┯πki┟: 

g΄(1) = 0   e · f(1) + 1 = 0  f(1) = -
e

1
 

Η f i┘┣α┟ jυ┣i┩┗┧ jk┥  *
+  ┢i  f(x) 0  ┛┟α ┠┕┞i  xє *

+ 

┠α┟  f(1) = -
e

1
 < 0   ┕┦α    f(x) < 0   ┛┟α ┠┕┞i  xє *

+ 

Ά┦α ┟j┩┯i┟:  

  x
xfedt

tf

tnt
xnx

1
))()(

)(
(
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  x
xefdt

tf

tnt
xfxnx

1
)(

)(
)(


    x

edt
tf

tnt

xf

xnx
1 )()(


  

 

━πi┟h┗: 

  x
xfedt

tf

tnt
xnx

1
)()

)(
(


    


x

edt
tf

tnt

xnx
xf

1 )(

)(



 

(┄j┩┯i┟ ℓnx Ν x <0 ┛┟α ┠┕┞i  xє *
+  ┠α┟  f(x)<0 ┛┟α ┠┕┞i  xє *

+     Ά┦α :   x
dt

tf

tnt
1

0
)(


 ) 

)(tf

tnt 
 jυ┣i┩┗┧ (┫┧ π┦┕┤i┟┧ jυ┣i┩┰┣ jυ┣α┦k┗ji┫┣) 

┕┦α  f   πα┦α┛┫┛┘j┟┢┝  ┠α┟   x
edt

tf

tnt
1 )(


   πα┦α┛┫┛┘j┟┢┝ 

Έjk┫ :  h(x) =  x
dt

tf

tnt
1 )(


  ┢i  xє *

+   ┠α┟ απ┮ j┩┖j┝    ┖┩┥υ┢i: 

h΄(x) =  h(x) +e   h΄(x) - h(x) = e  e-x h΄(x) - e-x h(x) =  e1-x    

(e-x h(x))΄=(- e1-x )΄   e-x h(x) = e-x h΄(x) + c  

Γ┟α  x=1  ┖┩┥υ┢i  e-1 h(1) = -1 +c c=1 

┅α┟ ┕┦α : e-x h(x) = -e1-x + 1   h(x) = ex Ν e   x x eedt
tf

tnt
1 )(


 

┋α┦α┛┫┛┘├┥┣kα┧ π┦┥┠┯πki┟: 

)()(
)(

xnxexfe
xf

xnx xx   


 xє *
+ 
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─2. 
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─3. 

ℓnx x-1 

x-1- ℓnx0 (2) 

FΣ(x)=f(x) 

FΣΣ(x)=fΣ(x)= ( 
nx

x

x

e


)Σ= 

2

( nx ) ' ( nx )( ) 'x x

x

x e x e

e

   
=

1
nx 1

x

x
x

e

  
= 

2

1
( 1 nx+x)x

x

e
x

e

 
=

1
nx 1

x

x
x

e

  
 

Ό┢┫┧: 

ex > 0 

1

x
>0 αφ┥┯ x>0 

x- ℓnx-10 απ┮ (2) 

┊π┮ki 

1
nx 1

x

x
x

e

  
>0 

Ά┦α ┝  F i┘┣α┟ ┠υ┦k┗ jk┥ (0, + ) , αφ┥┯ FΣΣ(x)>0. 

Θα iφα┦┢┮j┥υ┢i k┥ Θ.┇.┎. jkα h┟αjk┗┢αkα [x,2x] ┠α┟ [2x,3x]. 

(〝φ┥┯  x>0  ┟j┩┯i┟  x<2x<3x) 

u0- u0- u0- 

u0- u0- 
x0

+
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 Η F i┘┣α┟ jυ┣i┩┗┧ jk┥ [x,2x] 
Η F i┘┣α┟ πα┦α┛┫┛┘j┟┢┝ jk┥ (x,2x), ┕┦α υπ┕┦┩i┟ ┤1(x,2x) k┖k┥┟┥ ┰jki  

FΣ(┤1)= 
(2 ) ( ) (2 ) ( )

2

F x F x F x F x

x x x

   (3) 

 Η F i┘┣α┟ jυ┣i┩┗┧ jk┥ [2x,3x] 
Η F i┘┣α┟ πα┦α┛┫┛┘j┟┢┝ jk┥(2x,3x) , ┕┦α υπ┕┦┩i┟ ┤2(2x,3x) k┖k┥┟┥ ┰jki 

FΣ(┤2)=
(3 ) (2 ) (3 ) (2 )

3 2

F x F x F x F x

x x x

 
(3 ) (2 ) (3 ) (2 )

3 2

F x F x F x F x

x x x

   (4) 

FΣ ┛┣┝j┘┫┧ α┯┤┥υjα jk┥ (0, + ) ┕┦α 

┤1<┤2   FΣ(┤1)<FΣ(┤2)       (απ┮ (3) ┠α┟ (4)) 

           
(2 ) ( )F x F x

x


<

(3 ) (2 )F x F x

x


   (x>0) 

          F(2x) Ν F(x)< F(3x) Ν F(2x) 

          2 F(2x) < F(3x) +F(x) 

           F(3x) +F(x) > 2 F(2x) 

─4. 

F(┚)+F(3┚)= 2F(┤)  2F(┤)- F(┚)-F(3┚)=0 

Έjk┫ ┝ jυ┣┕┦k┝j┝ 

G(x)= 2F(x)- F(┚)-F(3┚) 

 G jυ┣i┩┗┧ jk┥ [┚,2┚]  G(┚) = F(┚)-F(3┚)>0 
G(2┚) = 2F(2┚)- F(┚)-F(3┚)<0  (απ┮ (─3)) 

┄j┩┯i┟ FΣ(x)=f(x)<0 , ┕┦α F ┛┣┝j┘┫┧ φ┞┘┣┥υjα jk┥ *  ┠α┟ αφ┥┯ ┚>0 

┚<3┚   F(┚)>F(3┚) 

Ά┦α απ┮ Θi┰┦┝┢α Bolzano: υπ┕┦┩i┟ ┖┣α k┥υ┡┕┩┟jk┥┣ ┤(┚,2┚) ┰jki 

G(┤) = 0  2F(┤) = F(┚)+F(3┚) 



 

Επすたえそiすα しiたうkωちμ Καとαたαちかhου ]しさちう- Μαしさたαkすせόな ]ΠΘ  
Συちiとγうjkさせαちμ Παπαhόπουそοな Σωせとうkさな–Γiωとγすώkさ ]γγiそすせお–Σすώせさ 〈うちα-Μαしさたαkすせοか ]ΠΘ 

 

 

 

 


